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A nonempty graph G is randomly H-decomposable if every family of edge-disjoint sub- 
graphs of G, each subgraph isomorphic to H, can be extended to an H-decomposition f G. A 
characterization f those randomly H-decomposable graphs is given whenever H has two 
edges. Some related questions are discussed. 
By a decomposition of a nonempty graph G is meant a family of subgraphs 
G1, G2 , . . . ,  Gk of G such that their edge sets form a partition of the edge set of 
G. Any member of the family is called a part (of the decomposition). A graph G 
is said to be H-decomposable (or has an H-decomposition) if G has a decomposi- 
tion in which all of its parts are isomorphic to the graph H. We also say that G 
has an isomorphic decomposition i to the graph H. An obvious necessary condi- 
tion for a graph G to be H-decomposable is that the size of G is a multiple of the 
size of H. 
Once it is determined that a certain graph G is H-decomposable for some 
graph H, one may address the task of actually performing a decomposition of G 
into copies of H. It may be that an H-decomposable graph G has the property 
that for any copy H1 of H, the graph G-  H~ is H-decomposable; for any copy/-/2 
of H in G - H~, the graph G - H I - H2  is H-decomposable and so on. Certainly if 
G has this property, then an H-decomposition of G will be easier to find. We 
formalize this idea in the following definition. A graph G is said to be randomly 
H-decomposable ff every family of edge-disjoint subgraphs of G, each subgraph 
isomorphic to H, is a subfamily of an H-decomposition of G. We also say that G 
can be randomly decomposed into the graph H. 
A characterization of randomly H-decomposable graphs for a given graph H 
seems to be a difficult problem. As at least a step in this direction, we will 
establish some lemmas leading to a description of all those graphs G that are 
randomly H-decomposable whenever H has size 2. 
The following result is useful to give an alternative proof of a theorem of Caro 
and Sch6nheim. 
Theorem 1 (Chartrand, Polimeni and Stewart [2]). Let G be a connected graph 
with 2n odd vertices, n~l .  Then E(G) can be partitioned into subsets 
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El,  E2 , . . . ,  E,~ so that for each i, (Ei) is a trail connecting odd vertices and such 
that at most one of these trails has odd length. 
Theorem 2 (Caro and Sch6nheim [1]). Let G be a graph of size 2n (I>2). Then G 
is P3-decomposable if and only if every component of G has even size. 
Proof. The necessity is obvious. Without loss of generality, we assume that G is 
connected. If G is eulerian, then every two consecutive dges of an eulerian 
circuit account for a copy of P3, producing the desired P3-decomposition. If G is 
not eulerian, then by Theorem 1, it follows that G can be decomposed into 
edge-disjoint trails, each of even length. Decomposing each such trail into copies 
of P3 produces a P3-decomposition of G. [] 
The following unpublished result is due to Caro (personal communication). 
Theorem 3. Let G be a graph of size 2m > 0 and without isolated vertices. Then G 
is 2K2-decomposable if and only if A ( G ) <~ m and G is not isomorphic to K 3 I.J K 2. 
It is convenient o determine those graphs of size 2n (/>2) that can be 
decomposed into one copy of 2/(2 and n -  1 copies of P3. We begin with a few 
lemmas. 
Lemma 1. Every connected graph H with at least two edges has an edge f such that 
H- f  contains exactly one non-empty component. 
Proof. If H is a tree, then it has a terminal edge e. The graph H-e  contains 
exactly one nonempty component. If H is not a tree then it contains a cycle C. 
Removing an edge f from C results in a connected graph. [] 
Lemma 2. If G is a graph of size 2n (>12) that can be decomposed into k copies of 
2K2 and n - k copies of P3, then G has at most 2k components of odd size. 
Proof. Suppose that G is decomposed into k copies of 2/(2 and n - k copies of P3 
and assume that G has m components of odd size. Each of the m components 
contributes at least one edge to a copy of 2K2. Since exactly 2k edges belong to 
the k copies of 2/(2, it follows that m ~< 2k. [] 
Lemma 3. Let G be a connected graph of size at least 3 that is not a cycle or a star. 
Then G has two nonadjacent edges e and f such that G-e - f  has exactly one 
nontrivial component. 
ProoL We consider two cases, according to whether G does or does not possess a
bridge. 
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Case 1: Assume that G has a bridge b = uv. 
Then G-  b has two components Gx and G2, where u ~ V(G~) and v ~ V(G2). 
Now we consider two subcases. 
Subcase 1.1. Suppose that G~ and G2 are nonempty graphs. 
Choose vertices xl~ V(GI) and x2~ V(G2) such that the distance d(xl, x2) 
between x~ and x2 satisfies 
d(xl, x2) = max{d(x, y) I x ~ V(G1), y ~ V(G2)}. 
Let Yi ~ V(Gi) such that x~ is adjacent to y~, for i=  1, 2. The existence of the 
bridge b implies that yt:~ Y2. Note that e = xly~ and f = x2y2 satisfy the conclusion 
of the lemma. In fact, neither x~ nor x2 is a cut-vertex of G by the way they were 
chosen. If G -e - f  has more than one nonempty component, then Xl or x2 is a 
cut-vertex. 
Subcase 1.2. Assume that one of the components of G-b ,  say G~, is a single 
vertex u. 
Therefore deg~u= 1. Let x be a vertex of G whose distance from u is 
maximum. Since G is not a star, there exists a vertex y distinct from v such that x 
is adjacent o y. Then the edges e = uv and f = xy satisfy the property stated in 
the lemma. 
Case 2. Assume that G does not contain bridges. 
Therefore G contains at least four edges. Since G is not a cycle, it contains a 
cycle C and a vertex x not on C that is adjacent o a vertex y of C. Then G-xy  
is a connected graph containing the cycle C. Now in the graph G-  xy, remove an 
edge f of C that is not adjacent o xy. It follows that G - xy - f is connected. [ ]  
Lemma 4. Let G be a graph of size 2n (>12) that has been decomposed into one 
copy H of 2K2 and n - 1 copies of P3, where E(H) = {e, f}. Then e and f belong to 
different components of G if and only if G has exactly two components of odd size. 
Proof. If e and f belong to different components in the given decomposition of G, 
then the components containing e and f have odd size. The remaining compo- 
nents, if any, necessarily have even size; thus G has exactly two components of 
odd size. 
Assume now that G has exactly two components G1 and G2 of odd size. Then 
neither G1 nor G2 is P3-decomposable. Thus G~ and G2 must contain the edges e 
and [. [] 
I~mma 5. Let G be a graph of size 2n (>~2). Then G can be decomposed into one 
copy of 2K2 and n -  1 copies of P3 if and only if 
(i) exactly two components of G have odd size, or 
(ii) all components of G have even size and at least one nonempty component is
different from a star or the cycle C4. 
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Proof. Assume that G has been decomposed into one copy of 2K2 and n -  1 
copies of P3- By Lemma 2, G has at most two components of odd size. If e and f 
lie in different components of odd size, then (i) follows by Lemma 4. Assume then 
that e and f belong to the same component C but (ii) does not hold. By Lemma 4, 
all components of G must be a star or the graph C4. Certainly if C is a star, it 
cannot contain two independent edges and if C is isomorphic to C4, then taking a 
copy of 2/(2 from C results in a graph that cannot be decomposed into n -  1 
copies of P3, producing the desired contradiction. 
For the converse, suppose that G satisfies condition (i), that is, suppose that G 
contains exactly two components G1 and G 2 of odd size. Using Lemma 1 we can 
remove one edge e from G 1 and one edge f from G2 so that G-e - f  has only 
components of even size. Therefore by Theorem 2, G-e - f  is P3-decomposable 
and the edges e and f account for the copy of 2K2. 
Suppose next that G satisfies (ii), that is, assume that all components of G have 
even size and that there is a nonempty component C that is not a star or Ca. If C 
is a cycle of size 2k >/6, then we can choose two nonadjacent edges e and f from 
C such that each component of C-e - f  has even size. Hence C-e - f  is 
P3-decomposable and G has the required decomposition. If C is not a cycle, 
then, by Lemma 3, C has two non-adjacent edges e and f such that C -e - f  has 
exactly one non-trivial component, necessarily of even size. So by Theorem 2, 
G-e - f  is P3-decomposable and the theorem is proved. [] 
Theorem 4. A graph G is randomly P3-decomposable if and only if each compo- 
nent of G is isomorphic to C4 or a star of even size. 
Proof. It is clear that if each component of G is isomorphic to C4 or a star of 
even size, then G is randomly P3-decomposable. 
Suppose now that G is randomly P3-decomposable. Since G is already P3- 
decomposable, ach of its components has even size. Assume to the contrary, that 
some component of G is not isomorphic to Ca or a star of even size. Then by 
Lemma 5, G can be decomposed into one copy of 2/(2 and n -  1 copies of P3, 
where 2n is the size of G. Certainly these n - 1 copies of P3 do not belong to any 
P3-decomposition of G, contradicting the hypothesis that G is randomly P3- 
decomposable. [] 
Let ~ be the set of graphs defined by 
:~-- {/(4, C4, 2K3, K3U K(1, 3)} U {2nKa, 2K(1, n) ln >i 2}. (1) 
Note that these graphs cannot be decomposed into one copy of P3 and the 
remaining copies of 2K2. We will see that ~ is an exceptional family of graphs. 
Lemma 6. Let G be a graph of size 2n (>/2) and without isolates. Suppose that 
G~ ~: (described in (1)). Then G can be decomposed into one copy of P3 and n - 1 
copies of 2K2 if and only if A(G)~< n + 1. 
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Proot. First we note that the lemma holds for all graphs with at most six edges; so 
we assume henceforth that G has at least eight edges, that is, n >~ 4. 
Suppose that G can be decomposed into n -  1 copies of 2K2 and one copy of 
P3. If G contains a vertex v of degree A(G)>i n + 2, then at least n of the edges 
incident with v must belong to different copies of 2K2. This produces a contradic- 
tion, so that A(G) <~ n + 1. 
Suppose now that (1) G~f f ,  (2) G has no isolates and (3) A (G)<~n+I .  H 
A(G)~<n-1 ,  then since G-~2nK2, the graph G contains two adjacent edges 
whose removal results in a graph that can be decomposed into 2K2 (see Theorem 
3), so the proof is complete. If A(G) = n, then at most two adjacent vertices x and 
y have degree n. Since G is not isomorphic to 2K(1, n) and the size of G is 2n, 
we can remove the edge xy and any other edge adjacent o xy. The graph so 
obtained has maximum degree n - 1 and size 2(n - 1). The proof is completed by 
an application of Theorem 3. If A(G) = n + 1, then there exists only one vertex x 
with degree n + 1. Delete two edges xy and xz from G, where y and z have the 
largest two degrees among those vertices adjacent with x. Since A(G-  xy -  xz)<~ 
n-  1, we proceed as before to obtain the required decomposition of G. [] 
Theorem 5. Let G be a 2K2-decomposable graph without isolates and G-~ 2K2. 
Then G is randomly 2K2-decomposable if and only if G ~ ~, where ~ is described 
in (1). 
Proof. It is easy to see that every graph in 9; is randomly 2K2-decomposable. 
Assume now that G is randomly 2K2-decomposable. We claim that G e S~. 
Suppose, to the contrary, that G¢ ~. Since G is 2KE-decomposable, A(G)~<n, 
where n is the size of G. By Lemma 6, it follows that G has a decomposition i to 
one copy of P3 and n - 1 copies of 2K2. These n - 1 copies of 2K2 do not belong 
to any 2KE-decomposition of G, contradicting the fact that G is randomly 
2KE-decomposable. Therefore, G ~ S ~. [] 
As we have seen, for a given graph H, not all H-decomposable graphs G are 
randomly H-decomposable. However, it is possible to define a measure of how 
close an H-decomposable graph is to being randomly H-decomposable. 
Let G be a graph that can be decomposed into m (I>2) copies of a fixed graph 
H. We say that the random decomposition i dex i(G: H) of G with respect o H is 
(k + 1)/m ff k is the largest integer less than m such that any set of at most k 
pairwise edge-disjoint copies of H in G belong to some H-decomposition of G. 
The random decomposition index is always a rational number in the interval 
(0, 1]. It has the value 1 when the decomposition is random. Note that these 
indices can attain arbitrarily small positive values since. 
i(P2m+l :P3) = 1/m. 
We close this article with the following question: Given a nonempty graph H 
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and a rational number a, such that 0 < a ~< 1, does there exist a regular H-  
decomposable graph G for which i(G: H)= ~? 
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